ABSTRACT. In this paper the nonstandard theory of topological vector spaces is developed, with three main objectives:
(1) creation of the basic nonstandard concepts and tools; (2) use of these tools to give nonstandard treatments of some major standard theorems ; (3) construction of the nonstandard hull of an arbitrary topological vector space, and the beginning of the study of the class of spaces which tesults.
Introduction. Let Ml be a set theoretical structure and let *JR be an enlargement of M. Let (E, 0) be a topological vector space in M. § §1 and 2 of this paper are devoted to the elementary nonstandard theory of (F, 0). In particular, in §1
the concept of 0-finiteness for elements of *E is introduced and the nonstandard hull of (E, 0) (relative to *3R) is defined. §2 introduces the concept of 0-boundedness for elements of *E. In §5 the elementary nonstandard theory of locally convex spaces is developed by investigating the mapping in *JK which corresponds to a given pairing.
In § §6 and 7 we make use of this theory by providing nonstandard treatments of the following statements, provided that *M is ^-saturated:
(i) the dual space of (E, p) is (E1, p');
(ii) (F, 5) is reflexive.
It is a consequence of this result that there is a reflexive Banach space whose nonstandard hull is a nonreflexive Banach space whenever *m is ¡X j-saturated.
On the other hand, we
show that, under the same saturation assumptions, if 1 < p < °° and 1/p + l/q = 1, then / and L ([0, l]) are reflexive spaces whose dual spaces are I and L ([0, l]) respectively.
In §4 we discuss the extent to which the nonstandard hull of an arbitrary Hausdorff topological vector space (E, 0) in M is independent of the enlargement *M.
It is shown that either there are nonstandard hulls of ('E, 8) which have arbitrarily large cardinality or every nonstandard hull of (E, 0) is isomorphic to the completion of (E, 8). In the former case, every nonstandard hull of (E, 0) contains the completion of (E, 0) as a proper subspace.
In §3 the concept of 0-finiteness, introduced in §1, is compared with the concept of finiteness with respect to the unique translation invariant uniformity on E which generates the topology 0. The latter concept of finiteness was introduced for a general uniform space in [3] .
Preliminaries. Throughout this paper 31Ï will denote a set theoretical structure and *!Hl will denote an enlargement of M. The basic framework of nonstandard analysis used here can be found in [6] and [9] , where m and *3R are structures for type theory.
We assume that M has as elements the sets N (of positive integers), R (oí real numbers) and C (of complex numbers). Moreover, the embedding x |-► *x of M into *M is assumed to be the identity on N, R and C. As usual, the extensions to *C of the algebraic operations +, • and | | on C are denoted by the same symbols.
The same is true of the extension to *R of the ordering < on R. Also define *RQ = *R n *CQ and *R j = *R n*Cl (so that *RQ is the set of finite elements of *R and *R is the set of infinitesimal elements of *R). By R+ we denote the set of À in R with À > 0.
Let X be any set in M. We define *[X] to be the set of standard elements of *X; that is, *[X] = \*x\ x£X\.
If p is an element of *X, then Filx(p) is the ultrafilter on X determined by p:
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Fil"(p) = íy| YC X and.p £ *Y\.
(Filx(p) is written simply as Fil(p) when convenient.) If J" is any collection of subsets of X which has the finite intersection property, then the filter monad of J, p(j), is defined by p(cj) = c\\*a\a £?!= rm.
Recall that if *5H is an enlargement of M, then for each X in 51Í and each collection S' oí subsets of X which has the finite intersection property, p\S) 4 &. In fact, in that case there is an element A of *J which satisfies A C p(j).
(Theorem 2.1.5(a)
of [61)
Although we usually assume only that *M is an enlargement of JK, it is occasionally necessary, in order to achieve a smooth theory, to assume that *M is also (i) if x £ E and x 4 0, then (x, y) 4 0 for some y £ F, and
(ii) if y £ F and y 4 0, then (x, y) 4 0 for some x £ E.
We denote the weak topology on E defined by F and the given pairing by o(E, F). Also, t(E, F) is the Mackey topology and ß(E, F) is the strong topology determined by the pairing.
Let E be a fC-vector space which is in 5H and let 0 be a vector topology on E. Denote by ll(0) the filter of 0-neighborhoods of 0, and let 0(0) be the unique translation invariant uniformity on E generating the topology 0. Then (J(0) is the filter on £ x E generated by the filter base of all sets of the form \(x, y)\ x, y £ £ and x -y £ U\ where U ranges over 11(0).
Recall that for each x in E, Pg\x) is defined by
where 3" is the filter of 0-neighborhoods of x. Since 3" = |x + Ll\ U £ 11(0)! it follows that pg(x) = *x + pg(6) for every x in E. Also, the monad of the filter 0(0) is an equivalence relation on *£. For each p in *E we denote the equivalence class of p under this relation by p(p). Note that the definition of 0(0) implies that q £ p(p)^$> p -q £*U for all U in 11(0). Therefore, p(p) = p + pg(0)
for every p in *£. In particular, this shows that if x is in E, then p(*x) = pg(x).
Note that since U(0) is the filter of neighborhoods of 0 for a vector topology on E, it follows that pg(0) is closed under addition and under multiplication by elements of *K
Recall that an element p of *E is 0-nearstandard if p £ pg(x) for some x in E. The set of 0-nearstandard elements of *E will be denoted by nsg(*E), or simply by nsg. We say that an element p of *E is 8-pre-nearstandard if it is o(0)-prenearstandard in the sense of [6] . The set of 0-pre-nearstandard elements of *E will be denoted by pns g(*E), or simply by pnsg. Thus p is in r>nsg if and only if there is a 0-Cauchy filter J on E which satisfies p(j) C p(p).
We define an important topology 0 on *E as follows: For each p in *E let J be the filter on *E generated by the filter base \p + *U\ U £ 1i(0)!. It can be verified that the filter system {3" | p £ *E\ satisfies the conditions which insure that there exists a topology 0 on *E such that J is the filter of 0-neighborhoods of p for each p in *£. Note that the definition of the filters J insures that 0 P is a group topology on the additive group of *£. For each x in E, J,* . is the
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use filter on *£ generated by *[j 1, where 3' is the filter of 0-neighborhoods of x in £. Thus the mapping x I-» *x is a homeomorphism of (E, 0) into (*E, 0).
There is another convenient procedure for describing 0. As is discussed in [3l, there is a natural uniformity 0(0) on *E which is the filter on *E x *E generated by the filter base *[ö(0)]. The topology 0 is then the topology defined on *£ by the uniformity ¡3(0). The set of 0-finite elements of *F will be denoted by fing(*E), or simply by fitlg.
Remark. Suppose that the vector topology 0 is defined on E by a norm p.
If U is the closed unit ball of (£, p), then *U = \p\ p £ *E and *p(p) < l!. Thus (ii) The topology 8 restricted to fing(*E) is a vector topology and fing(*E)
is the largest K-subspace of *£ ore which 8 induces a vector topology.
(iii) fing(*£) is 8-closed. (iii) Given any p in *£ which is not 0-finite, there is a 0-neighborhood U of -0 such that p f n*U for every n in N. It follows that p + *U is a 0-neighborhood of p which is disjoint from fing. This shows that fing is 0-closed. Proof. Let J be a filter on E which satisfies the latter condition. Given a 8-neighborhood U of 0, there exists re £ N which satisfies p(j) C n*U. It follows directly that every element of p(j) is 0-finite. Since there is a local base at 0 for 0 of cardinality k(0), the uniformity 0(0) defined on E by 0 can be defined by a set of k(0) semimetrics, as is well known.
Conversely
Therefore, it follows from Theorem 3.15.1 of [61 (and the fact that 8 is the topology on *E defined by 0(0)) that (E, 0) is a complete space whenever *5H is k(0)^sat-urated.
In any case, if (E, 0) is a Hausdorff space, then the closure of (the image of)
E in E is just 77-(pnsg) by Theorem 1.2, and this space is a completion of (E, 0). y -i p. £ pAo).
But this implies that st(Aj/|A1|) = 0, as above, which is a contradiction. Therefore, Aj,... , A are all in *KQ, and the proof is complete.
2. 0-bounded elements of *E. Let (E, 0) be a topological vector space which is an element of JTÏ. (ii) implies (iii). This follows immediately from the fact that Pg(0) C fing. First it will be shown that there is a *-finite subset B of *E which satisfies ACS. For each q £ A let S(q) be the internal set S(q) = äß| B is a *-finite subset of £ and q £ B\. (E, 0) of arbitrarily large cardinality.
In the latter case every nonstandard hull contains a completion of (E, 0) as a proper subspace.
In the former case we say that the nonstandard hulls of (E, 0) are invariant. Thus there exist 8 > 0 in R and a sequence \x | re £ A/! in E such that p(x ) < 1 for re in N and p(x -x ) > 8 for distinct re, ttz in N. Then for each co in *N, **<B is in fin . Moreover, if co, co' £ *N are distinct, then *p(*xe¡)-*xj) > 8, so that tA.*xJi 4 ir(*x j). Therefore E has cardinality at least as great as the cardinality of *N. Since the enlargement *5U can be chosen so that *zV has arbitrarily large cardinality, it follows that the nonstandard hulls of (£, p) are not invariant.
However, the following example shows that there do exist infinite dimensional, be a dense subspace of (G, A). Then (ii) The equality fing(*E) = fin¿ (*G) O. *E follows immediately from Definition 1.1. It follows that 77 induces an isomorphism of (£, 0) into (G, A). In order to show that this isomorphism is onto G, it is sufficient to show that, for each p in *G, (p + pA (0)) O *E 4 0. But let p e*G and let W be a *A-neighborhood of 0 such that W C p¿ (o). Then since £ is dense in G there exists 9 in *E such that i/ -p £ W. So t? £ p + W C p + pA (0) and the proof is complete.
In particular, if (F, 0) is a Hausdorff topological vector space and (G, A) is its completion, then (E, 0) and (G, A) are isomorphic. In addition by Theorem 4.6 the nonstandard hulls of (E, 0) arc invariant if and only if the nonstandard hulls of (G, A) are invariant. This is in turn equivalent to the condition that each nonstandard hull of (G, A) be isomorphic to (G, A).
It is an open question which complete topological vector spaces have invariant nonstandard hulls. Note that by Theorem 2.5 a necessary condition for the nonstandard hulls of (E, 0) to be invariant is that every 0-bounded set in E be relatively 0-compact. follows that p -*x £ *U. This shows that *[E] is dense in fin^.g Fy as desired.
(ii) Let cp £ F and let jy | t £ T\ be a Hamel basis for F over K. For each finite subset S oí T let H (S) = \x\ x £ E and (cp, y() = (x, yt) for ail t £ S\.
The collection [//(S)! S is a finite subset of Ti is a filter base for a filter J on E. Since *5H is an enlargement, there is an element p of p(A). Then (p, *y ) = (cp, y) for every t in T. From this it follows that (p, *y) = (cp, y) tor all y in F.
In particular, p £ (*[F])7 = fina(E P), completing the proof.
From Theorem 5.13 it is immediate that the nonstandard hull of (£, o(E, £))
is isomorphic, as a topological vector space, to (F , o(F , p)). Another simple consequence of Theorem 5.13 (using Theorem 2.4) is the following standard result.
Corollary 5.14. Every o(E, F)-bounded subset of E is o(E, F)-totally bounded.
6. 0-pre-nearstandard elements of *£ and a theorem of Grotftendieck. Let That is, w is in E and the proof is complete.
8. Nonstandard hulls of normed spaces.
Let (E, p) be a normed space in 5IÍ. Let fin be the set of p-finite elements of *E, (E, p) the nonstandard hull of (E, p), Banach spaces which is due to R. C. James [4] .
Theorem [James] . (i) The dual space of (E, p) is (£', p').
(ii) (E, p) z's reflexive. 
